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Abstract 

We consider the problem of constructing Poisson brackets on smooth manifolds 
M with prescribed Casimir functions. If M is of even dimension, we achieve our 
construction by considering a suitable almost symplectic structure on M, while, in 
the case where M is of odd dimension, our objective is achieved by using a convenient 
almost cosymplectic structure. Several examples and applications are presented. 
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1 Introduction 

A Poisson bracket on the space C°^(M) of smooth functions on a smooth manifold M 
is a skew-symmetric, bilinear map, 

{•, •} : C°°{M) X C°°{M) C°°(M), 

that verifies the Jacobi identity and is a biderivation. Thus, (C°°(M), {•, •}) has the 
structure of a Lie algebra. This notion has been introduced in the framework of classical 
mechanics by S. D. Poisson, who discovered the natural symplectic bracket on M^*^ [27J, 
a notion that was later generalized to manifolds of arbitrary dimension by S. Lie [23] . 
The interest in this subject, motivated by the important role of Poisson structures in 
Hamiltonian dynamics, was revived during the last 35 years, after the publication of 
the fundamental works of A. Lichnerowicz [21], A. Kirillov [H] and A. Weinstein [31[ . 
and Poisson geometry has emerged as a major branch of modern differential geometry. 
The pair (M, {•,•}) is called a Poisson manifold and is foliated by symplectic immersed 
submanifolds, the symplectic leaves. The functions in the center of (C°°(M), {•, •}), i.e., 
the elements / € C°°(M) such that {/, •} = 0, are called the Casimirs of the Poisson 
bracket {■, •} and they form the space of first integrals of the symplectic leaves. For 
this reason, Casimir invariants have acquired a dominant role in the study of integrable 
systems defined on a manifold M and in the theory of the local structure of Poisson 
manifolds [31| . 

To introduce the problem we remark that, for an arbitrary smooth function / on M^, 
the bracket 



(1) 



is Poisson and it admits / as Casimir. Clearly, if = dx Ady Adz is the standard volume 
element on M^, then the bracket ([T|) can be written as 

{x, y}r2 = dx Ady A df, {x, z}^l = dx A dz A df, {y, z}fl = dy A dz A df. 

More generally, let /i, /2, . . . , be functionally independent smooth functions on M'+^ 
and Q a non- vanishing (/ + 2)-smooth form on M'+^. Then, the formula 

{g,h}Q = fdgAdhAdhA...Adfi, g, h e C°^{R'+^), (2) 

defines a Poisson bracket on R'+^ with /i,...,// as Casimir invariants. In addition, 
the symplectic leaves of ^ have dimension at most 2. The Jacobian Poisson structure 
([2]) (the bracket {g, h} is equal, up to a coefficient function /, with the usual Jacobian 
determinant of [g, h, fi, . . . , fi)) appeared in 0] in 1989 where it was attributed to H. 
Flaschka and T. Ratiu. The first explicit proof of this result was given in [T2], while 
the first application of formula ([2]) is presented in [U [5] in conjunction with transverse 
Poisson structures to subregular nilpotent orbits of 0[(n,C), n < 7. It was shown that 
these transverse Poisson structures which are usually computed using Dirac's constraint 
formula can be calculated much more easily using the Jacobian Poisson structure ([2]). 
This fact was extended to any semisimple Lie algebra in [8]. In the same paper it is 
also proved that, after a suitable change of coordinates, the above referred transverse 
Poisson structures is reduced to a 3-dimensional structure of type ([I]). We believe that 
for the other type of orbits, e.g. the minimal orbit and all the other intermediate 
orbits, one can compute the transverse Poisson structures using the results of the present 
paper. However, this study will be the subject of a future work. Another interesting 
application of formula ([2]) appears in [26], where the polynomial Poisson algebras with 
some regularity conditions are studied. We also mention the study of a family of rank 2 
Poisson structures in |1|. 

The purpose of this paper is to extend the formula of type ([2]) in the more gen- 
eral case of higher rank Poisson brackets. The problem can be formulated as follows: 
Given (m — 2k) smooth functions /i, . . . , fm-2k on an m- dimensional smooth manifold 
M , functionally independent almost everywhere, describe the Poisson brackets {•, •} on 
C°°{M) of rank at most 2k which have fi, . . . , fm-2k o-s Casimirs. Firstly, we investigate 
this problem in the case where m = 2n, i.e., M is of even dimension. We assume that M 
is endowed with a suitable almost symplectic structure ujq and we prove that (Theorem 
13. 3p a Poisson bracket {•, ■} on C°°{M) with the required properties is defined, for any 
/ii, /i2 G C°°(M), by the formula 

{hi, h2}n = -jdhi A dh2 A {a + ^r^y^o) A J^^^j^^ A d/i A . . . A (i/2„-2fc, 

where Q = — j is a volume element on M, f satisfies = det {{fi,fj}o) 7^ ({-j-jo 
being the bracket defined by ojq on C°°{M)), o" is a 2-form on M satisfying certain 
special requirements (see, Proposition 12. 7p and g = iAoCT0. We proceed by considering 
the case where M is an odd-dimensional manifold, i.e., m = 2n -|- 1, and we establish a 
similar formula for the Poisson brackets on C°°{M) with the prescribed properties. For 
this construction, we assume that M is equipped with a suitable almost cosymplectic 

Qn 

structure (i?0) ©o) and with the volume form = -do A — 7-. Then, we show that (Theorem 

n! 

13. 6p a Poisson bracket {•, •} on C°°(M) with /i, . . . , /2n+i-2fc as Casimirs functions is 
defined, for any /ii,/i2 G C°°(M), by the formula 

{hi,h2}n = -jdhi A dh2 A{a + -j^Qo) A (^rr^ a d/i a . . . a df2n+i-2k, 



^Ao being the bivector field on M associated to 



UJO- 



where / is given by (|26p . a is a 2- form on M satisfying certain particular conditions (see, 
Proposition I3.5p . and g = iKga^. 

The proofs of the main results are given in section 3. Section 2 consists of pre- 
liminaries and fixing the notation, while in section 4 we present several applications of 
our formulae on Dirac brackets, on almost Poisson brackets associated to nonholonomic 
systems and on Toda and Volterra lattices. 

2 Preliminaries 

We start by fixing our notation and by recalling the most important notions and formulae 
needed in this paper. Let M be a real smooth m-dimensional manifold, TM and T*M 
its tangent and cotangent bundles and C°°{M) the space of smooth functions on M. For 
each p ^"L^we denote by V^{M) and ^W{M) the spaces of smooth sections, respectively, 
of f\^TM and f\^T*M. By convention, we set VP{M) = nP{M) = {0}, for p < 0, 
V^{M) = Q'^(M) = C°^(M), and, taking into account the skew-symmetry, we have 
VP{M) = 9P{M) = {0}, for p > m. Finally, we set V(M) = ®p^zVP{M) and 0(M) = 

2.1 From multivector fields to differential forms and back 

There is a natural pairing between the elements of Q(M) and V(M), i.e., the C°°{M)- 
bilinear map (•, •) : 17(M) x V(M) C°°{M), {rj, P) ^ {r], P), defined as follows: For any 
r] G n'i{M) and P G VP{M) with p q, {r],P) = 0; for any f,g e ^^(M), {f,g) = fg; 
while, if T] = 7]i A rj2 /\ ... /\ r]p £ i7P(M) is a decomposable p-form (rji £ i^^{M)) and 
P = Xi A X2 /\ . . . A Xp is a decomposable p- vector field {Xi G V^(M)), 

{t], P) = (?7i a ??2 a . . . a r/p, Xi a a . . . a Xp) = deti{r]i, Xj)). 

The above definition is extended to the nondecomposable forms and multivector fields 
by bilinearity in a unique way. Precisely, for any rj G Qp{M) and Xi, . . . , Xp G V^(M), 

(r/, Xi A X2 A . . . A Xp) = ??(Xi, X2, . . . , Xp). 

Similarly, for P G VP{M) and r/i, r?2, . . . , r?p G n^{M), 

(r/i A?72 A . . . Ar]p,P) = P{r]i,r]2,.. . ,r]p). 

We adopt the following convention for the interior product ip : Q(M) — > 0(M) 
of differential forms by a p-vector field P, viewed as a (M)-linear endomorphism of 
J7(M) of degree —p. If P = X G V^(P) and 77 is a g-form, ix^ is the element of Q'^~^{M) 
defined, for any Xi, . . . , Xg_i G V^{M), by 

{ixv)iXi,. . . , X,_i) = r/(X, Xi, . . . , X,_i). 

If P = Xi A X2 A . . . A Xp is a decomposable p-vector field, we set 

iprj = ixiAXiA-AXprj = ix^ix2 ■ ■ ■ iXpV- 

More generally, recalling that each P G V^(M) can be locally written as the sum of 
decomposable p-vector fields, we define as iprj, with 77 G Vt'^{M) and q > p, to be the 
unique element of VI'^~p[M) such that, for any Q G V'^~p{M), 

(ip^,Q) = (-l)(P-lW2(^,PAQ). (3) 
^Ao being the bivector field on M associated to ('!?o,6o). 



Similarly, we define the interior product : V(M) —?■ V(M) of multivector fields by 
a q-form rj. If r/ = a G Q}'{M) and P G V^(M), then jaP is the unique {p — l)-vector 
field on M given, for any ai, . . . , ap_i, by 

(ia-P)(ai, • • • ,ap-i) = -P(ai, • • • ,ap-i,a)- 
Moreover, if r/ = ai A 02 A . . . A is a decomposable g-form, we set 

j-qP — ja\/\a2/\.../\aqP — ja\ja2 ■ ■ ■ joiqP- 

Hence, using the fact that any ry € 0'(M) can be locally written as the sum of decom- 
posable g-forms, we define j.^ to be the C°°(M)-linear endomorphism of V{M) of degree 
—q which associates, with each P G V^(M) {p > q), the unique (p — g)-vector field jrjP 
defined, for any C G nP-'^{M), by 

{C,jr,P) = {C/\r],P)- 

If the degrees of rj and P are equal, i.e., q = p, the interior products jrjP and iprj are, 
up to sign, equal: 

j^P={-l)(P-^-)P/hpr^={r,,P). 

The Schouten bracket [■,■] : V(M) x V(M) — )■ V(M), which is a natural extension 
of the usual Lie bracket of vector fields on the space V(M) [lOl [16], is related to the 
operator i through the following useful formula, due to Koszul |16| . For any P G VP{M) 
and Q G V'?(M), 

Hp,Q] = [[ip,d],iQ], (4) 

where the brackets on the right hand side of (jH) denote the graded commutator of graded 
endomorphisms of Q{M), i.e., for any two endomorphisms Ei and E2 of ^}{M) of degrees 
ei and 62, respectively, [£^i,£^2] = Ei o E2 — (— 1)^^^2£'2 o -Ei. Hence, we have 

Hp,Q] = ip ° doiq - (-l)P doipoig 

_(_1)(P-1)9 o ip O + (-ijlP-lk-P O d O ip. (5) 

Furthermore, given a smooth volume form 0, on M, i.e., a nowhere vanishing element 
of r2'"(M), the interior product of p-vector fields on M, p = 0, 1, . . . , m, with yields 
a (-/Vf)-linear isomorphism ^ of V(M) onto ^}(M) such that, for each degree p, < 
p < m, 

^ : VP (M) ^ 17™-P(M) 

P ^ ^(P) = ^p = (-l)(P-l)P/2ipn. 

Its inverse map ^'^^ : 1^"'-P(M) ^ VP{M) is defined, for any 77 G 17'"-P(M), by ^'-^(r/) = 
jrj^, where denotes the dual m-vector field of 0,, i.e., (fi, fi) = 1. By composing ^ with 
the exterior derivative d on 0(M) and we obtain the operator D = — o d o'if 
which was introduced by Koszul [16j . It is of degree —1 and of square and it generates 
the Schouten bracket. For any P G VP{M) and Q G V(M), 

[P, Q] = i-iy {D{P A Q) - D{P) A g - (-IfP A D{Q)). (6) 



,1 



2.2 Poisson manifolds 



We recall the notion of Poisson manifold and some of its properties whose proofs may 
be found, for example, in the books [20l [101 128] . 

A Poisson structure on a smooth manifold M is a Lie algebra structure on C°°(M) 
whose the bracket {•, •} : C°°(M) x C°°{M) C°°{M) verifies the Leibniz's rule: 

{f.gh} = {f,9}h + g{f,h}. yf,9,he C^{M). 

In [21], Lichnerowicz remarks that {•, •} gives rise to a contravariant antisymmetric 
tensor field A of order 2 such that A{df,dg) = {f,g}, for f,g & C°°{M). Conversely, 
each such bivector field A on M gives rise to a bilinear and antisymmetric bracket {•, •} 
on C~(M), {/, g} = A{df, dg), f,ge C°°{M), which satisfies the Jacobi identity, i.e., for 
any f,g,he C^{M), {/, {g, h}} + {g, {h, /}} + {h, {/, g}} = 0, if and only if [A, A] = 0, 
where [•,•] denotes the Schouten bracket on V(M). In this case A is called a Poisson 
tensor and the manifold (M, A) a Poisson manifold. While, in the case where [A, A] 7^ 
we say that A is an almost Poisson tensor. 

As was proved in [12j, it is a consequence of expression ([5]) of [•,■] that an element 
A G V^(M) defines a Poisson structure on M if and only if 

2iAd^A + d^AAA = 0| 
Equivalently, using formula ([6|) of [•, ■] and the fact that, for any P € V^{M), 

^-1 oip = (_i)(p-i)p/2p ^ ^-1^ 

the last condition can be written as 

2A Ai:>(A) = L>(A A A). (7) 

Given a Poisson tensor A on M, we can associate to it a natural homomorphism 
A# : n\M) V\M), which maps each element a of Q^{M) to a unique vector field 
A* {a) such that, for any /3 G n^{M), 

{a A /?, A) = (/?, A*{a)) = A(a, /?). 

If a = df, for some / G C°°{M), the vector field A*((i/) is called the hamiltonian 
vector field of f with respect to A and it is denoted by Xf. The image ImA* of A'^ is a 
completely integrable distribution on M and defines the symplectic foliation of (M, A) 
whose space of first integrals is the space of Casimir functions of A, i.e., the space of 
the functions / G C°°(M) which are solutions of A*(d/) = 0. 

Moreover, A* can be extended to a homomorphism, also denoted by A*, from QP{M) 
to VP(M), p G N, by setting, for any / G C°°(M), A#(/) = /, and, for any C G 0P(M) 
and ai, . . . , Op G r2^(M), 

A#(C)(ai, . . . , ap) = (-irC(A*(«i), • • • , A*K)). (8) 

Thus, A#(C A 77) = A#(C) A A#(r?), for ah rj G Vl{M). When 0(M) is equipped with the 
Koszul bracket •§ defined, for any C G f2P(M) and 77 G ri(M), by 

«C, »?S = (-ir (A(C A r/) - A(C) A 7? - (-irC A A(r?)) , (9) 
where A = i\o d — doi^, A* becomes a graded Lie algebras homomorphism. Explicitly, 

A*{iC,rj}) = [A*iC),A*irj)] , 

where the bracket on the right hand side is the Schouten bracket. 

^Because we have adopted a different convention of sign for tlie interior product i from that in [12] . 
our condition differs up to a sign from the one in 



Example 2.1 Any symplectic manifold {M,ujq), where is a nondegenerate closed 
smooth 2-form on M, is equipped with a Poisson structure Aq defined by ujq as follows. 
Define the tensor field Aq to be the image of uq by the extension of the isomorphism 
A* : n^M) V^{M), (inverse of Jq : V^M) n^{M), X ^ = -u}o{X, •)), to 

given by dS]). 

2.3 Decomposition theorem for exterior differential forms 

In this subsection, we begin by reviewing some important results concerning the decom- 
position theorem for exterior differential forms on almost symplectic manifolds. The 
complete study of these results can be found in [20] and [18] . 

Let (M, Wo) be a 2n-dimensional almost symplectic manifold, i.e., wq is a nondegen- 
erate smooth 2-form on M, Aq the bivector field on M associated with uq (see, Example 

12. ip . Q = — Y the corresponding volume form on M, and O = —7- the dual 2n- vector field 

of Q. We define an isomorphism * : ftP{M) Q'^"-~p{M) by setting, for any ip G ^^{M), 



(10) 



Remark 2.2 In order to be in agreement with the convention of sign adopted in ([3]) 
for the interior product, we make a sign convention for * different from the one given in 

m. 



The (2n — p)-form *ip is called the adjoint of ip relative to ojq. The isomorphism * 
has the following properties: 

i) * * = Id. 

ii) For any if G 17P(M) and V G f^«(M), 

= (-i)(^-^)^/^^^#(,)(*V') = (-ir-^(''-^)'^/^^^#(^)(*^). (11) 

iii) For any k < n, 



* 



, ,k , ,n-k 



k\ {n-k)\ 

Definition 2.3 A smooth form tp G il(M) such that ^AoV' = everywhere on M is said 
to be effective. On the other hand, a smooth form ip on M is said to be simple if it can 
be written as 

where ^ is effective. 

Proposition 2.4 The adjoint of an effective differential form ip of degree p < n is 



n—p 



{n — p)\ 

The adjoint *p of a smooth {p + 2k) -simple form p = ip A is 



n—p—k 

. ^ = i-iri^+^y^ A ^ — -. (12) 

[n — p — k)\ 



Lepage's decomposition theorem 2.5 Every differential form (p € i7(M), of degree 
p < n, may be uniquely decomposed as the sum 

f = 1pp + ll)p-2 A Wo + ... + i'p-2q A 

with q < [p/2] ([p/2] being the largest integer less than or equal to p/2), where, for 
s = 0, . . . ,q, the differential forms ipp-2s o.re effective and may be calculated from (p by 
means of iteration of the operator i^Q ■ Then, its adjoint * ip may be uniquely written as 
the sum 



.^=(-ir(^+^)/^(V^,-^,_,A^^ + ... + (-ir f ,, V'p-2,Aa;g)A^ 

^ n—p+l [n — p + q)\ [n — p)\ 

We continue by indicating the relation which hnks * with ^ and its effect on Poisson 
structures. Since A* : nP{M) ^VP{M),pe N, defined by ([8]), is an isomorphism, for 
any smooth p- vector field P on M there exists an unique j»-form ap G flP(M) such that 
P = A* (dp). So, it is clear that 

*(P) = *CTp. (13) 

In particular, a bivector field A on (M, loq) can be viewed as the image Aq (cj) of a 2-form 
C7 on M by the isomorphism A^. We want to establish the condition on a under which 
A = Aq (cj) is a Poisson tensor. For this reason, we consider the codifferential operator 

S = *d* 

introduced in [18j, which is of degree —1 and satisfies the relation 6^ = 0, and we prove: 
Lemma 2.6 For any differential form on {M,ujq) of degree p < n, 

^-\C) = A*i*C). (14) 
Proof. Let rj he a smooth (2n — p)-form on M. We have 

An An 

(r?, ^-1(0) = (r?,j^^) = (r?AC,^) 

n\ n! 

n ^n 

= i-lf'^i^, Ao#(r?) A A#(C)) = {-ir('--PH^, A*{C)AA*{r,)) 
= (-1)^(2«-^)(-1)(^-^W2 (.^^*(^)^, A*{rj)) 

= (_l)p(2n-p)(_i)(p-lW2(_i)2n-p^^^ A# (^^^^^^^ _iL )) 

, ,n 

= (-1)(^-iW2 A#(^^^(^)^^)) = (r?, Ao#(*C)), 

whence (114p follows. (We remark that the number p{2n — p) + {2n — p) = {2n — p){p + 1) 
is even for any p € N.) ♦ 

jj 

Proposition 2.7 Using the same notation, A = Aq (fi) defines a Poisson structure on 
(M, Wo) if and only if 

2o- A(5(a) = 5(cT Aa). (15) 



n—p 



Proof. We have seen that A is a Poisson tensor if and only if ([7]) holds. But, in our 
case A = A*(cr), so A A A = A^((T A a), and A* is an isomorphism. Therefore, 

-2A A ((^'"i odo ^')(A)) = -(I'-i o d o ^)(A A A) 

2A*{a) A (^"^(d * a)) = ^"^(d * [a A a)) 

2Af{a) AA*{*d * (a)) = A*{*d * (a Act)) 
A* {2a A 6a) = A*{6{aAa)) 
2aA6{a) = d{a Aa), 

and we are done. ♦ 

Remark 2.8 Brylinski [2] observed that, when the manifold is symplectic, i.e., dwo = 0, 
6 is equal, up to sign, to A = od — doiAp. Then, in this framework, ([15]) is equivalent 
to §0", (T^o = 0; ('^TjS'o being the Koszul bracket ([9]) associated to Aq), which means 
that 0" is a complementary 2-form on (M, Aq) in the sense of Vaisman |29j. 

3 Poisson structures with prescribed Casimir functions 

Let M be a m-dimensional smooth manifold and /i,...,/m-2fc smooth functions on 
M which are functionally independent almost everywhere. We want to construct Pois- 
son structures A on M with symplectic leaves of dimension at most 2k which have 
as Casimirs the given functions /i, /2, . . . , fm-2k- We start by discussing the problem 
on even-dimensional manifolds. In the next subsection we extend the results to odd- 
dimensional manifolds. 

3.1 On even-dimensional manifolds 

We suppose that dim M = 2n and we begin our study by remarking 

Lemma 3.1 Given (M, /i, . . . , /2n-2fc); with /i, . . . , /2n-2fc functionally independent al- 
most everywhere on M, then there exists, at least locally, Aq G V^(M), with rankAo = 
2n, such that 

ji^n—k 

{dhA...Adhn-2k, ^J_j^y )^^- 

Proof. In fact, let p € M and U an open neighborhood oip such that /i, . . . , /2n-2fc are 
functionally independent at each point x G U. That means that d/i A. . . Adf2n-2k{x) 7^ 
on U . We select 1-forms . . . , /32fc on U so that (d/i, . . . , df2n-2k, ■ ■ ■ , /32k) become 
a basis of the cotangent space at each point. Let {Yi, . . . ,Y2n-2kT ^i, ■ ■ ■ , Z2k) be a 
family of vector fields on U dual to {dfi, . . . , df2n-2k, Pi, ■ ■ ■ , 132k)- That is, they satisfy 
dfi{Yj) = 6ij, /3i{Zj) = 5ij, and all other pairings are zero. We consider the bivector field 

n—k k 

Ao = 5^ Y2i-i AY2i + Y, ^2j-i A Z2j 

i=l j=l 

which is of maximal rank on U. It is clear that 

j^^n—k 

(d/l A . . . A #2n-2fc, , ° ,„ ) = 1^0. 

[n — k)\ 

♦ 



2A A L>(A) = L>(A A A) ^ 




Consider now (M, /i, . . . , /2n-2fc) and a nondegenerate bivector field Aq on M such 
that 



\n—k 

f = {dhA...A dh^.^k, ^^^) = ( (;^, A ... A X;,„_,,> / (16) 

on an open and dense subset U of M. In (fT6]) . wq denotes the almost symplectic form 
on M defined by Aq and Xf- = Aq (d/j) are the hamiltonian vector fields of /», i = 
1, . . . ,2n — 2k, with respect to Aq. Let D = {Xf^ , ■ ■ ■ , Xf2n-2k ) distribution on 

M generated by Xf-, i = 1, . . . ,2n — 2k, D° its annihilator, and orth(^pL) the symplectic 
orthogonal of D with respect to loq. Since det ({/j, fj}o) = 7^ on ^, Dx = Dn T^M 
is a symplectic subspace of TxM with respect to uq^ at each point x & U. Thus, 
T^M = Dx® o^iKo^Dx = Dx® A* (D°), where D° = D° n T*M, and T*M = D° ® 
(A^(L)°))° = Dx ® {dfi, . . . , df2n-2k)x- Finally, we denote by a the smooth 2-form on 
M which corresponds, via the isomorphism A^, to an element A of V^{M). 

Proposition 3.2 Under the above assumptions, a bivector field A on (M, ljo), of rank 
at most 2k on M , admits as unique Casimirs the functions fi, . . . , f2n-2k if o-i^d only if 
its corresponding 2-form a is a smooth section of /\^ D° of maximal rank on lA. 

Proof. Effectively, for any fi, i = 1, . . . ,2n — 2k, 

A{df„ •) = ^ A#(a)(d/„ •) = ^ a{Xf^,A*{-)) = 0. (17) 

Thus, /i, . . . , /2n-2fc are the unique Casimir functions of A on if and only if the vector 
fields Xf-^ , ■ ■ ■ , ^f2n-2k with functionally independent hamiltonians on l/( generate ker a, 
i.e., for any x €U, Dx = ker cjj^. The last relation means that o" is a section of /\^ D° of 
maximal rank onU. ♦ 

Still using the same notation, we can formulate the following main theorem. 

Theorem 3.3 Let fi, . . . , f2n-2k be smooth functions on a 2n- dimensional differentiable 
manifold M which are functionally independent almost everywhere, (jJq an almost sym- 



plectic structure on M such that hi Oil holds on an open and dense subset U of M , = — y 

n! 

the corresponding volume form on M , and a a section of /\ D° of maximal rank on U 
that satisfies M5]) . Then, the (2n — 2,)- form 

2 k—2 

^ = -/('^ + ^^^o) ^ {k- 2)! ^dfiA...A df2n-2k, (18) 

where f is given by il6\) and g = ^Aq'^j corresponds, via the isomorphism to 
a Poisson tensor A with orbits of dimension at most 2k for which fi, ■ ■ ■ , f2n-2k <ire 

jj 

Casimirs. Precisely, A = Aq (ex) and the associated bracket of A on C°°{M) is given, 
for any /ii,/i2 G C°°(M), by 

^ fc— 2 

{hi,h2}n = -jdhi A dh2 A (a + -^r^Y^o) A -^^3^ A d/i A . . . A df2n-2k- (19) 

Conversely, if A & V^(M) is a Poisson tensor of rank 2k on an open and dense subset U 
of M, then there are 2n — 2k functionally independent smooth functions fi, . . . , f2n~2k 
on lA and a section a of /\^ D° of maximal rank on lA satisfying (lj5|). such that ^ \ and 
{•,•} are given, respectively, by and ifiPj). 



Proof. We denote by = —7- the dual 2n- vector field of on M and we set A = j<j,fi. 

n! 

For any fi, i = 1, . . . ,2n — 2k, we have 

which means that /i,... , f2n-2k Casimir functions of A. We shall see that A = 
Aq (cj). Thus, A will define a Poisson structure on M having the required properties. 
We calculate the adjoint form * $ of $ relative to ojq: 

k~2 

*^ = -j*{ia + j^UJo)A^^^-^Adfi...Adf2n-2k) 

But, from Lepage's decomposition theorem, a can be written as a = ip2 + ipo^^o, where 
■02 is an effective 2-form on M with respect to Aq and ■00 = — = — — ■ (It is easy to 

TrUJ' o A*) Tr(l2n) 
check that i/y^uJo = — (wq, Aq) = ^ — = ^ = — n.) Hence, 



k-1 ' ik-2)l n k-l ' {k-2y. 

uJq^'^ n-k + 1 lOq'^ 



^2 A 77^^ + 9 



{k-2)\ n {k-l)\ 



and 



Wn ^ s / , ^ N n-k + l , Wn ^ 



pp^ n-(fc-2)-2 , , , ri-(fc-l) 
lll2ll , n — k+1 (jJn 
= -V'2 A ^- -T + ff- " 



(n - (A: - 2) - 2)! n ^(n-(A;-l))! 

^ ^ ^* 

-(V2 - ^-o) A = -a A (20) 

n [n — k)\ [n — /cj! 



Consequently, 



n-k 



_ ( 1^(2r^-2A:-l)(2n-2fc)/2 • r ^ a ^0 1 

By applying ([T3D to the above relation, we obtain 

A* [a) = A*{* = ^-i($) = = A. 

Thus, according to Proposition 12.71 A defines a Poisson structure on M, with orbits of 
dimension at most 2k, for which /i, . . . , /2n-2fc are Casimir functions. Obviously, the 
associated bracket of A on C°°(M) is given by ([19]). For any /ii,/i2 G C°°{M), 

{hi,h2} = jdhiAdh2^ = jdhiAdh2j<S>^ = jdhiAdh2A'S>^ ^ 



fc-2 



{/ii,/i2}Jl = -jdhi A dh2 A {a + j^ujo) A -^^—^ A dfi A . . . A df2n-2k- 



-I r\ 



Conversely, if A is a Poisson tensor on M with symplectic leaves of dimension 
at most 2k, then in a neighborhood C/ of a nonsingular point there are coordinates 
{zi, . . . , Z2k, fi, ■ ■ ■ , f2n-2k) such that the symplectic leaves of A are defined by /; = 
const., I = 1,. . . ,2n — 2k. Let Aq be a nondegenerate bivector field on U such that 

/ = (dfi A ... A df2n-2k, 7 — ° , . , ) 7^ on [/ and a the 2-form on U which corresponds, 

[n — k)\ 

via the isomorphism Aq , to A. As we did earlier, we construct the distribution D on 
U and its annihilator D° . According to Propositions 13.21 and 12.71 o" is a section of 
/\^ D° of maximal rank on U satisfying (jlSp . We will prove that the (2n — 2)-form 

iOri 

^\ = = * o", where Q = —7- is the volume element on U defined by the almost 

^^0 ('^1 ni 



symplectic form uq, the inverse of Aq, can be written in the form ([18 
Since ()16p holds on U, can be written on U as 



0= --^ Ad/i A... Ad/2n-2fc 



and 



1.. ^n^ 



= -i^n = --(^A-^) A d/i A . . . A df2n^2k- (22) 



We now proceed to calculate the (2fc — 2)-form — za— • We remark that tt = * / 7 \ > • 

k\ k\ [n — ky. 

So, from ([TT]) we get that 

, ,k , ,n-k 

Repeating the calculation of (j20p in the inverse direction, we have 
* - = - + ^-0) A ^) = + ^.0) A (24) 



Therefore, by replacing (j24p in (|23p and the obtained relation in (j22p . we prove that ^'a 
is given by the expression (fT8|) . Then, it is clear that {•, •} is given by (fT9|) . ♦ 

The case of almost Poisson structures with prescribed kernel. Theorem 13 . 31 can 
be generalized by replacing the exact 1-forms dfi, . . . , df2n-2k with 1-forms qi, . . . , a2n-2k 
which are linearly independent at each point of an open and dense subset of M. It suffices 
to consider a nondegenerate almost Poisson structure Aq on M such that 

^n—k 

/ = (ai A . . . A a2n-2k, r-^-m) ^ ^ 

[n — k)\ 

holds on an open and dense subset U of M and to construct the distribution D = 
{Xai, ■ ■ ■ ,Xa2n^2k)j -^oti ~ ^ti'^i)' annihilator D°. Then, to each section a of 

/\^ D° of maximal rank on U corresponds an almost Poisson structure A G (M) of rank 
at most 2k whose kernel coincides with the space (ai, . . . , a2n-2fc) almost everywhere on 
M and its associated bracket on C°°{M) is given by 

{hi,h2}n = -jdhi A dh2 A (a + ^r^y^o) A A ai A ... A Q2n-2fc, (25) 

LdQ being the almost symplectic structure on M defined by Aq, g = ?a,)0" and J7 = — 



3.2 On odd-dimensional manifolds 



Let M be a (2n + l)-dimensional manifold. We remark that any Poisson tensor A 
on M admitting /i, • • • , /2n+i-2fe £ C°°{M) as Casimir functions can be viewed as a 
Poisson tensor on M' = M x R admitting /i, . . . , /2n+i-2fc and /2n+2-2A;(a^) s) = s { s 
being the canonical coordinate on the factor M) as Casimir functions, and conversely. 
Thus, the problem of construction of Poisson brackets on C°°(M) having as center the 
space of functions generated by (/i, . . . , /2n+i-2A:) is equivalent to that of construction 
of Poisson brackets on C°°(M') having as center the space of functions generated by 
(/i) • • • ) /2n+i-2fc! s)) a setting which was completely studied in subsection 13. li In what 
follows, using the results of 3.1., we establish a formula analogous to (fT9]) for Poisson 
brackets on odd-dimensional manifolds. But, before we proceed, let us recall the notion 
of almost cosymplectic structures on M and some of their properties |19l I22j . 

An almost cosymplectic structure on a smooth manifold M, with dimM = 2n + 1, is 
defined by a pair i'&o, Go) G 0^(M) X fi2(M) such that ^qAO^^O everywhere on M. 
The last condition means that 'Oq A 0q is a volume form on M and that Oq is of constant 
rank 2n on M. Thus, ker-i^o and kerGg are complementary subbundles of TM called, 
respectively, the horizontal bundle and the vertical bundle. Of course, their annihilators 
are complementery subbundles of T*M. Moreover, it is well known [22] that (??O)0o) 
gives rice to a transitive almost Jacobi structure {Ao,Eq) € V^(M) x V^(M) on M such 
that 

i{Eo)'do = 1 and i(^o)0o = 0, 
A*{^o) = and i(A#(C)Go) = -(C - (C, i5^o)??o), for all C € l^H^'^)- 

We have, keri9o = ImA^ and kerGo = (Eq). So, TM = ImAf {Eq) and T*M = 
(£"0)°® (■i?o)- The sections of {Eq)° are called semi-basic forms and Aq is an isomorphism 
from the C°°(M)-module of semi-basic 1-forms to the C°°(M)-module of horizontal 
vector fields. This isomorphism can be extended, as in ([8]), to an isomorphism, also 
denoted by A^, from the C°°(M) -module of semi-basic forms on the C°°(M)-module 
of horizontal p- vector fields. Finally, we note that ("i^O) ©o) determines on M' = M x M 
an almost symplectic structure oj'q = Qq + ds f\ 'Sq whose corresponding nondegenerate 

d 

almost Poisson tensor is Af, = Aq + 7;- A £^o- 

OS 

Now, we consider (M, /i, . . . , /2n+i-2A:), with /i, . . . , /2n+i-2fc functionally indepen- 
dent almost everywhere on M, and an almost cosymplectic structure (i9o,0o) on M 
whose associated nondegenerate almost Jacobi structure (Ao,£'o) verifies the condition 

jt^n—k 

f={dhA...A df2n+i-2k, Eo A , ° ,., ) / (26) 

n ''9 

on an open and dense subset U of Mo Let u'q = @o + ds A t^q and Aq = Aq + — A Eq 

be, respectively, the associated almost symplectic and almost Poisson structure on M' = 
M x M. Since, for any m = 1, . . . , n + 1, 

^ = ^ + dsA^oAr^ and ^ = ^ + ^ A i?o A (27) 
m\ ml [m — i)\ m\ ml os [m — 1)\ 



As in the case of even-dimensional manifolds, such a structure (Aq, -Bo) always exists at least locally. 



-t n 



it is clear that 

^/ n+l—k 

(d/i A . . . A df2n+i-2k A ds, —2- — ) 

[n + 1 — k)\ 

= (d/i A . . . A df2n+l-2k A ds, -^-^ — + — A So A , ° ,., ) 

(n + 1 — Kj! OS [n — k)\ 

d ^n-fc 

= (d/i A . . . A d/2„+i-2fc A ds, TT A So A , ° ,,, ) = -/ (28) 

as [n — k)\ 

on the open and dense subset W = U xM of M' . Furthermore, we view any bivector field 
A on (M, '!9o,0o) having as Casimirs the given functions as a bivector field on {M',u}q) 
having /i, . . . , /2n+i-2fc and f2n+2-2k{x, s) = s as Casimirs. Let D'° be the annihilator 
of the distribution D' = , • • • , Xj^^ ) on M' generated by the hamiltonian vector 

fields X'f^ = A'*{dfi) = K*{dh) - {dfi,Eo)^^,i = l,...,2n + l- 2k, and = 

A'o#(ds) = Soof/i,...,/2„+ i-2k and f2n+2--2k{x, s) = s with respect to Aq. Then, from 
Proposition 13.21 we get that there exists an unique 2-form a' on M', which is a section 
of A D'° of maximal rank 2k onW =U x M, such that A = A(f (a'). Moreover, since A 

d 

is independent of s and without a term of type X A —, a' must be of type 

OS 

a' = a + T Ads, (29) 

where a and r are, respectively, a 2-form and a 1-form on M having the following 
additional properties: 

i) fj is a section /\^{Eq)°, i.e., o" is a semi-basic 2-form on M with respect to (Ao, Eq); 

ii) r is a section of D° = {Xf^,...,Xf^^^^_^^,EQ)°, where Xf^ = k*{dfi), i.e., r 
is a semi-basic 1-form on (M, Ao,-Eo) which is also semi-basic with respect to 

Xf^ , . . . , ^/2„+i_2fc ) 

iii) for any /i, i = 1, . . . , 2n + 1 - 2k, a{Xf^,-) + {dfi, Eo)t = 0. 

Consequently, A is written, in an unique way, as A = A*((t) -|- A*(r) A So- 
Summarizing, we may formulate the next Proposition. 

Proposition 3.4 Under the above notations and assumptions, a bivector field A on 
(M, t^o, &o), of rank at most 2k, has as unique Casimirs the functions fi, . . . , f2n+i-2k 
if and only if its corresponding pair of forms (u, r) has the properties (i)-(iii) and 
{rank a, rank r) = (2k, 0) or [2k, 1) or (2k — 2, 1) on lA. 

On the other hand, it follows from Theorem l3.3l that the bracket {•, •} of A on C°°(M) 
is calculated, for any ^i,/i2 G C°°(M), viewed as elements of C°°(M'), by the formula 



1 q' uj' 

{hi,h2}9.' -d/ii A dh2 A (a' + Yzr\^'^^ ^ 2)1 ^ ^-^i ^ • • • ^ 4f2n+i-2fe A ds. 



where Q' = rr and g' = if^i a' . But, $7' — $7 Ads, = -d^ A being a volume 

(n + 1)! " n! 

form on M, and g' = ^a;,'^' = ^ko+d/dsAEoi'^ + t A ds) = i/^^^a = g. Thus, taking into 

account ([27|) and ([29]). we have 



/ n+l 



1 q Q^-^ 

{hi,h2}^ Ads = -jdhi A dh2 A (a + j^Qo) A (^73^ A d/i A . . . A df2n+i-2k A ds 



-I o 



which is equivalent to 

1 q e^-"^ 

{hi, h2}n = -jdhi A dh2 A (cj + -jTTi^^^ ^ {k-2)\ ^^f^^---^ df2n+l~2k- 

However, according to Proposition 12.71 {•, •} is a Poisson bracket on C°°(M) C 
C°°(M') if and only if 

2a' ^ 5' [a') = 5' {a' ^ a'), (30) 

where 5' = *'d*' is the codifferential on 0,{M') of {M',Uq) defined by the isomorphism 
*' : QP{M') ri2"+2-P(M') of (Uni). We want to translate (I3D|) to a condition on 
(cr, r). Let Q^f^{M) be the space of semi-basic p-forms on (M, Aq, £"0); * tlie isomorphism 
between O^b(^) ^nd ifj^'^iM) given, for any G ^^sbi^)' by 

dgp : r2^(^(M) — )• O^^^(M) the operator which corresponds to each semi-basic form ip 
the semi-basic part of its differential d(p, and 5 = * dgb * the associated "codifferential" 
operator on J7sft(M) = ®p<^iXf^gij{M). By a straightforward, but long, computation, we 
show that ()30p is equivalent to the system 

2crA5(o-) = 5{a ^a) 

(31) 

(5(a A r) + 5(a) A r - a A <5(r) = (i^#(^^^^a)a - 2\#(d^o)(^ ^ 
Hence, we deduce: 

Proposition 3.5 Under the above assumptions and notations, A = Aq (cj) + Aq (r) AE'q 
defines a Poisson structure on {M,-do,Qo) if and only if {a,T) satisfies |22P- 

Concluding, we can announce the following theorem. 

Theorem 3.6 Let fi, . . . , f2n+i-2k be smooth functions on a {2n+l)- dimensional smooth 
manifold M which are functionally independent almost everywhere, ("i^OjQo) ^"i^ almost 
cosymplectic structure on M such that i26\) holds on an open and dense subset U of 

Qn 

M , n = "Oq /\ — y the corresponding volume form on M , and (cr, r) an element of 
n\ 

^1h{M) X ^llf,{M), with {rank a, rank r) = (2k, 0) or (2k, 1) or (2k — 2, 1) on lA, that 
has the properties (ii)-(iii) and satisfies \31\) . Then, the bracket {•, •} on C°^(M) given, 
for any /ii,/i2 S C~(M), by 

1 q e^-'^ 

{hi, h2}Vt = --dhi A dh2 ^(a + 7^60) A ° A d/i A . . . A df2n+i-2k, (32) 



f ' ^ - • k-l (k-2) 



where f is that of /126\) and g = «AoCT, defines a Poisson structure A on M , A = A*((t) + 
Aq (t) a Eq, with symplectic leaves of dimension at most 2k for which fi, . . . , f2n+i-2k 
are Casimirs. The converse is also true. 

Remark 3.7 We remark that, in both cases (of even dimension m = 2n and of odd 
dimension m = 2n + 1), when k = \, the brackets (jl9p and (j32p are reduced to a bracket 
of type ([2]). Precisely, 

{hi, h2}VL = -jdhi A d/i2 A d/i A . . . A dfm_2- 



-1 A 



4 Some Examples 



4.1 Dirac Brackets 

Let (M, loq) be a symplectic manifold of dimension 2n, Aq its associated Poisson struc- 
ture, and fi, . . . , f2n~2k smooth functions on M whose the differentials are linearly in- 
dependent at each point in the submanifold Mq of M defined by the equations fi{x) = 
0, • • • , f2n-2k{x) = 0. We assume that the matrix ({/2,/j}o) is invertible on an open 
neighborhood W of Mq in M and we denote by Cij the coefficients of its inverse matrix 
which are smooth functions on W such that /jio'^ifc = ^ik- We consider on 

W the 2-form 

cr = Wo + ^ Cijdfi A dfj. (33) 

We will prove that it is a section of /\^ D° of maximal rank on W which verifies (jlSp . As 
in subsection 13.11 D denotes the subbundle of TM generated by the hamiltonian vector 
fields Xf. oi fi, i = 1, . . . ,2n — 2k, with respect to Aq and D° its annihilator. For any 
Xf^, I = 1, . . . ,2n — 2k, we have 

(^/i > ■ ) = ^0 ( AT/; , • ) + X] ^'^■^^ ' ^ ^-^i ~ Yl ^^-^i ' ^fi ^ '^■^^ 
= -dfi + ^ Cij{/i, fijodfj - J2 Cijifi, fj}odfi 

i<j i<j 

which means that cr is a section of /\^ D° — )• W. The assumption that ({/i,/j}o) 
is invertible ensures that D is a symplectic subbundle of Ty^M. So, for any x S 
W, T*M = Dl® {dfi, df2n-2k)x and A' T*M = D° + /\\dfi, dhn-2k)x + 
D° A {dfi, . . . ,df2n-2k)x- But, cjo is a nondegenerate section of f\ T*M and the part 
X]i<j '^ijdfi A d/j- of o" is a smooth section of /\^{dfi, . . . , 4f2n-2fc) of maximal rank on W, 
because det(cjj) 7^ on W. Thus, a is of maximal rank on W. Also, we have 

9 = ikocy = -(6^0 + ^ Cii^/i A d/j, Ao) = - X] "^iii/i' /iio = -n + {n-k) = -k, 

i<j i<j 



and 



* a A-^^-^^ Ad/i A... Ad/2n-2fc 

1 A; cj''"^ 

= --{u;o + Y^ Cijdfi A d/j - -^-j Y^o) A ° ^ A d/i A . . . A df2n-2k 

1 w''"^ 

A d/i A . . . A d/2„-2fc. (34) 



Consequently, 



and 



f{k-iy. 



, , . ^ , df ^ 1 . 

da = {*a*)a = *{ — 7-A(*o"jj = ——ixt'^ 
J J 



2a A (5(cr) = -yo- A (ix^o") = -jixficr A a). 



(35) 



On the other hand, 



1 ^ ^ 



2k 



7 ^ TT^ A d/i A . . . A df2n^2k (36) 
/ (A; -3)! 

(^(cr A cr) = * d * (o- A cr) ^ * ( - y A * (cr A cr)) ^ - J^Xj (o" A cr). (37) 



and 



From psp and (|37p we conclude that o" verifies (|15p . Thus, according to Theorem 13. 3| 
the bivector field 

A = A#(a) = Ao + ^ CijXf^ A Xf^ 

i<j 

defines a Poisson structure on W whose corresponding bracket {•,■} on C°°(VV,M) is 
given, for any /ii,/i2 G C°°(W,M), by 

1 w^"^ 
{/ii, h2}n = -dhi A d/i2 A 77^—7 A d/i A . . . A fi/2„_2fc. (38) 

In the above expression of A we recognize the Poisson structure defined by Dirac [9] 
on an open neighborhood W of the constrained submanifold Mq of M and in (j38p the 
expression of the Dirac bracket given in |13j . 



4.2 Almost Poisson brackets for nonholonomic systems 

Let Q be the configuration space of a Lagrangian system with Lagrangian function L : 
TQ — 7> M, subjected to nonholonomic, homogeneous, constraints defined by a distribution 
C C TQ on Q. In a local coordinate system (g^, . . . , q^,q^, . . . , g") of TQ, C is described 
by the independent equations 

aqW = 0B i = l,...,n-k, (39) 

where Q, s = 1, . . . ,n, are smooth functions on Q, and the equations of motion of the 
nonholonomic system are given by 

d .dL . dL ^ : ^ 

dt^W^-W^=^^^- . = l,...,n, (40) 

(Aj being the Lagrangian multipliers) together with the constraint equations (j39p . 

We now turn to the Hamiltonian formulation of our system on the cotangent bundle 
T*Q of Q. We suppose that T*Q is equipped with the standard, nondegenerate, Poisson 
structure Aq = A ^ associated with the symplectic form ujq = dps A dq'^ . Let 
C : TQ —?■ T*Q, {q^,q'^) iq^,Ps = §^)j be the Legendre transformation associated 



"'In this subsection, the Einstein convention of sum over repeated indices holds. 
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with L. Assuming that L is regular, we have that £ is a diffeomorphism which maps 
the equations of motion (I40p to the system 

dH 

1 = TT 
OH 

Ps = ~'g^ + ^iC^ s = l,...,n, (41) 

where H : T*Q ^ R is the Hamiltonian given hy H = {q^^ — L) o , and the 
constraint distribution C to the constraint submanifold A4 oi T*Q, which is defined by 
the equations 

riq,p) = Q{q)j^ = 0, i = l,...,n-k. 

OPs 

Also, the regularity assumption on L implies that, at each point {q,p) G A4, T(^q^p-jT*Q 
splits into a direct sum of symplectic subspace and that the matrix C = (C*-') = 

(Ao(d/*, q*C"')) = (Cst; — n — C/)i which is symmetric, is invertible on A4. Precisely, 
^ opsOpt 

Tig,p)T*Q = T^g,p)M e Z, 
where Z C TT*Q is the distribution on T*Q spanned by the vector fields 

z^-c^ -A*( o*n 

where C = CsiQ)dq^i i = 1, . . . ,n — k, are the constraint 1-forms on Q and q : T*Q — )• Q 
is the canonical projection. Hence, in view of (j41l) . the Hamiltonian vector field Xh = 
^^{dH) admits, along Ad, the decomposition Xh = X^h — )^iZ^- The part X^h is 
tangent to Ad and AjZ* lies on Z, along Ad. According to the results of [21 [Ml ED], the 
dynamical equations of X^h on Ad are expressed in Hamiltonian form with respect to the 
restriction {■ , ■]^^ on {Ad) oi the bracket {■,-}nh given, for any G C°°(r*Q), 

by 

{Hi,H2}nh = {Hl,H2}o +Cim{f , Hi}g{dH2, Z^) 

-Cim{f,H2UdHi,Z"')+Ci,{f,f},CUdHi,Z'){dH2,Z^'), (42) 

where {•, - jg is the bracket of Aq on C°°{T*Q) and {Cij) is the inverse matrix of C. In 
other words, for functions hi,h2 G C°°{Ad), the value of {hi, /i2}^ is equal to the value 
of {Hi, H2}nh along Ad, where Hi and H2 are, respectively, arbitrary smooth extensions 
of hi and /i2 on T*Q. We wih show that holds, and so {•, - j;^, can be calculated 

by m- 

We remark that 

Anh = Ao + ClmXji A + ^Cij{f, f}, ClmZ' A Z^ , 

where Xji = K^{df^), is the bivector field on T*Q associated to (j42p whose the kernel 
along Ad coincides with the space {df^, df"-~^,q*(^, . . . , q*C"~'')|A4- In fact, 

Anhidf) = Xjs + Cim{f, rio^™ - Clmidr, Z^)Xji 

+ \C,,{P, f},Cim{dr, r)Z^ - \C,,{P, f},Cim{dr, Z^)Z' 



Xfs + Cim{/', /■"IgZ"' - Xfs + -^{f", fjoClmZ"^ - ■^Cij{f, /*}oZ* 





and 

Kh{ci*n = At{cfa+CMC,Xf^)Z^ = -Z'+CimC'Z^ = -Z' + = 0, 

while rankA„/i = 2k everywhere on M |30j . On the other hand, Knh can be viewed as 
the image, via the isomorphism Aq , of the 2- form 

a = wo - Ci^df A q*r + \Cij{P, f}Am^*C A q*C"^ 
on T*Q with ranker = 2A; on 7W. Also, 

A n—k 

/=(d/lA...A4f"-^Aq*C'A...Aq*r-', HStt) / 

[n — k)\ 

on 7W, because = det J = detC^ 7^ on A4, where 

\Ao{q*C,dP) Ao(q*C,q*C^) y V Oj' 

and 

g = Uo^ = -(^0-C/^d/'Aq*r + ic,,{/^/}„Q„q*CAq*r, Ao> 
= -in-CimC^"') = -n + in-k) = -k. 

Hence, we can apply ([25]) for the calculation of {•, ■}nh on C^{T*Q) and, by restriction, 
on C°°{M). For any Hi,H2 £ C'^{T*Q), 

{HuH2}nh^ = -M A dH2 A -^4- A d/l A . . . A d/""'' A q*C' A ... A q*C~', 
where Q. = — y is the corresponding volume element on T*Q. 

Remark 4.1 Without doubt, Anh is Poisson if and only if a satisfies But, Van 

der Schaft and Maschke proved [30j that {■■,-}nh satisfies the Jacobi identity if and 
only if the constraints (|39p are holonomic. Hence, we conclude that a satisfies (jlSp if 
and only if the constraint distribution C is completely integrable. These facts have an 
interesting geometric interpretation observed by Koon and Marsden [15]; the vanishing 
of the Schouten bracket [A„/i, A^/^] is equivalent with the vanishing of the curvature of 
an Ehresmann connection associated with the constraint distribution C . 

4.3 Periodic Toda and Volterra lattices 

In this paragraph we study the linear Poisson structure associated with the periodic 
Toda lattice of n particles. This Poisson structure has two well-known Casimir functions. 
Using Theorem 13.31 we construct another Poisson structure having the same Casimir 
invariants with A^,. It turns out that this structure decomposes as a direct sum of two 
Poisson tensors one of which (involving only the a variables in Flaschka's coordinates) 
is the quadratic Poisson bracket of the Volterra lattice (also known as the KM-system). 
It agrees with the general philosophy (see [6j) that one obtains the Volterra lattice from 
the Toda lattice by restricting to the a variables. 

The periodic Toda lattice of n particles (n > 2) is the system of ordinary differential 
equations on M^" which in Flaschka's [IT] coordinate system (oi, . . . , a„, 61, ... , 6„) takes 
the form 

di = ai{hi^i - bi) and hi = 2{af - af^i) (i G Z and (ai+„, = (a^, bi)). 



-1 n 



This system is hamiltonian with respect to the nonstandard Lie-Poisson structure 
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i=l 

on R^" and it has as hamiltonian the function H = ^^^liaf + 2^i)- The structure At 

is of rank 2n — 2onU = {(ai, . . . , a^, bi, . . . , bn) G / Y^^=i oi • • • aj-icti+i • • • On ^ 0} 
and it admits two Casimir functions: 

Ci=bi + b2 + ... + bn and C2 = 0102 . . . a„. 

We consider on M^" the standard symplectic form = Yll=i Adbj, its associated 

Poisson tensor Aq = Y)^-^ 7^ — A -7^, and the corresponding volume element VL = — ^ = 

Otti obi 

dai A dbi A ... A da^ A dbn- The hamiltonian vector fields of Ci and C2 with respect to 
Ao are 

^ d " d 

X^^=-^— and =^ai...a,_iai+i...a„ — . 

So, = and 

n n n 

D° = [ Y^{aidai+Pidbi) £ (R^") / y^g^ = Q and ^ ai . . . Oj^iAai+i . . . a„ = O}. 

The family of 1-forms (di, . . . , a[, . . . , cr'^_i), 

aj = daj — doj+i and a'j = ajdbj — aj+idbj-^-i, j = 1, . . . , n — 1, 

provides, at every point (a, 6) G ZY, a basis of D'^ab)' "^^^ section of maximal rank cTj, 

of /\ Z)° ^ U, which corresponds to At, via the isomorphism Aq , and verifies (I15p . is 
written, in this basis, as 

n— 1 n— 1 

i=i i=j 
Now, we consider on R^*^ the 2-form 

n—2 n—l n—2 1 

j=i i=j+i j=i i=j+i 

n-2 

= [{duj — daj-f-i) A {duj+i — dan) + (ajdbj — aj^idbj+i) A (aj+id^j+i — a^dfen)] 

n 

= (daj A doj+i + ttjUj+idbj A dftj+i) . 
i=i 

It is a section of /\^ -D° whose rank depends on the parity of n; if n is odd, its rank is 
2n — 2 on U, while, if n is even, its rank is 2n — 4 almost everywhere on R^"-. Also, after 
a long computation, we can confirm that it satisfies (jlSp . Thus, its image via A^, i.e., 
the bivector field 
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defines a Poisson structure on M^"- with symplectic leaves of dimension at most 2n — 2, 
wlien n is odd, tliat lias Ci and C2 as Casimir functions. (When n is even, A has two 
more Casimir functions.) We remark that (M^^jA) can be viewed as the product of 
Poisson manifolds (]R",A^) x (M",A'), where 

The Poisson tensor A^ is the quadratic bracket of the periodic Volterra lattice on M" 
and it has C2 as unique Casimir function, when n is odd. 

In the following, using (jl9p . we illustrate the explicit formula of the brackets of A^, 

and A in the special case n = 3. We have Ci = 61 + 62 + ^3, C2 = aifl2fl3) k = 2, 
d d 

Aq = — — A 7—, and Q = dai A dbi A da2 A db2 A da-^ A db^. Consequently, / = 
Otti obi 

{dCi A dC2, Aq) = —(0102 + 02^3 + CLias), which is a nonvanishing function on U. 

For the periodic Toda lattice of 3 particles, we have cr^ = {dai — da2) A {aidbi — 
asdb^) + {da2 - das) A (02^62 - 03^63), g^, = iA^a^ = -(oi + 02 + 03) and 

$T = -J{(J.^+g^uJQ)^dCl^dC2 

= —aidbi A da2 A da^ A dh^ + aida2 A dh2 A da-^ A db^ + a2dai A dbi A ^03 A dbj, 
—a2dai A d6i A db2 A (ia3 + 03^01 A da2 A ^62 A dbs + 03(^01 A dbi A da2 A ^62- 

Thus, 

{oi, bi}^Q, = dai A dbi A ^>j, = oifl, {01,62}^^ = dai A ^62 A <I>y = — aifi, 
{02, b2}T^ = '^^2 A db2 A^j, = a2^, {02, 63}^^! = da2 A ^63 A = —02^2, 

{03, 63}^!) = (ia3 A dbs A^j, = a^Q, {03, = da-^ A dbi A <I>y = —a^^l, 

and all other brackets are zero. 

For the Poisson structure ()33|) on M^, we have a = {dai — da2) A {da2 — da^) + {aidbi — 
02^62) A (02^62 — CL^dbs): g = ikqCt = and 

$ = -jaAdCiAdC2 

= —aia2dbi A db2 A das A db^ + 0103^61 A da2 A db2 A db^ — 0203^01 A dbi A db2 A dbs 
—dai A dbi A da2 A das — dai A da2 A das A dbs + dai A da2 A db2 A ^03. 

Thus, 

{ai, 02}^^ = dai A da2 A $ = 0102^!, {oi, 03}!) = dai A das A <l> = —0103^2, 

{02, 03}^^ = da2 A das A <I> = 0203^!, {61, 62}^! = dbi A db2 A ^ = Q, 

{bi, bs}^ = dbi A (i63 A $ = -Cl, {62, bsjfl = db2 Adbs A^ = n, 
and all other brackets are zero. 

4.4 A Lie-Poisson bracket on g[(3,M) 

On the 9-dimensional space 31(3, M) of 3 x 3 matrices 

xi Z2 ys 

yi X2 Zs 
Zl y2 Xs 
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which is isomorphic to M^, we consider the functions 

Ci{x,y,z) = X1 + X2 + X3, C2{x,y,z) = yiZ2 + y2Z3 + y3Zi and C3{x,y, z) = Z1Z2Z3. 

Using Theorem l3.6l we are able to construct a hnear Poisson structure A on 0[(3, M), with 
sysmplectic leaves of dimension at most 6, having Ci, C2 and C3 as Casimir functions. 
For this, we consider on 0[(3,R) = the cosymplectic structure (??O)0o)) 

??0 = dz3 and ©o = dxi A dyi + dx2 A dy2 + dx3 A dy3 + dzi A dz2-, 

whose corresponding transitive Jacobi structure (Aqj-Bo) is: 

^o = ^A — + — A — + — A — + — A— and E^q = 

dxi oyi 0x2 oy2 0x3 oy3 ozi 0Z2 0Z3 

Clearly, 

/ = {dCi A dC2 A dC3, Eo A Ao) = -zi-zi - ^?2;2 - -21-^2-23 

is nonzero on the open and dense subset U = {{x, y, z) G / Z1Z2 + z'lz2 + Z1Z2Z3 7^ 0} 
of g[(3,M) ^M^ and 

= "i^o A 00 = dxi A dyi A (ix2 A dy2 A A dys A d^i A (iz2 A dz3 

is a volume form of 0[(3,M). Furthermore, we consider on g[(3,M) the pair of semi-basic 
forms (cj, r), 

(J = —zidxi A dx2 — Z2dx2 A dx3 + 23^X1 A dx3 — yidxi A dyi + yidxi A dy2 
-y2dx2 A dy2 + y2dx2 A dys - 7/3^x3 A dy3 + ^3^x3 A dyi 
-Z2dyi A d^i - zidyi A Adz2 + 22^2/2 A dzi + 2:1^2/3 A dz2 

and 

T = -2;3dy2 + Z3dy3, 

which has the properties (ii)-(iii) and verifies the system ()3ip . Thus, the bracket {•, •} 
on C°°(0[(3,M)) given by (i32]l defines a Poisson structure A on 0[(3,M). We have, 
g = iAoCr = yi + y2+y-i and 

$ = -^(cJ + ^Go) AGoAdCi AdC2 AdCg 

= zidxi A dyi A dx2 A dy2 A dy3 A dz2 A (iz3 — zidyi A dx2 A dy2 A dx3 A (iy3 A dz2 A dzs 

— zidxi A dx2 A dx3 A dy3 A dzi A dz2 A ^2:3 — 22^X1 A dyi A dx2 A dx3 A dzi A ^2:2 A ^2:3 

— Z2dyi A dx2 A dy2 A dx3 A dy3 A dzi A dz3 + 2;2dyi A d2;i A dx3 A dy3 A ^2:3 A dy2 A dxi 

— yidx3 A (iy3 A dzi A dz2 A (iz3 A dy2 A dx2 — y3dyi A dzi A dx2 A dy2 A dz3 A dz2 A dx3 

— yidxi A (iy2 A dzi A dz2 A dz3 A (iy3 A dx3 — 2;3dy2 A dzi A dxi A dyi A dz2 A dy3 A dx2 

— 2/2^X2 A (iy3 A dzi A dz2 A dz3 A dyi A dxi + 2;3dxi A dx2 A d2;i A d2:2 A dz3 A dy2 A dx3 

— y3dyi A dzi A dx2 A dy2 A dz3 A d2;2 A dxi — 2;3dy2 A d2;i A dxs A dys A d2;2 A dyi A dxi 

— y2dy3 A d22 A dxi A dyi A dzi A dz3 A dx3. 



So, 





= dxi A dyi A $ = 


— yiil, 




= dxi A (i-U3 A ^' 


= y^i^, 




= dxi A dzi A <i> = 


— Zifi, 


L J- 7 J 


= (ixi A (i2:2 A <l> 


= 22^^, 




= dx2 A (ii/i A <I> = 




1X9, 'V2|f^ 


= dx2 A dy2 A <l> 


= —y2^ 




= dx2 A dz2 A <I> = 




|x2, zsjri 


= dx2 A ^2:3 A <i> 






= dxs Ady2 = 


y2^, 




= dx3 Adys 


= -ys^ 


{x3,zi}n 


= dx'i A dzi A <i> = 




{X3,Z3}J] 


= dx3 Adzs A^ 


= —z^Q. 


{yi,y2}^ 


= dyi A A <i> = 


— Zlil, 


{yi,y3}f^ 


= dyi AdysA^ 




{y2,y3}^ 


= dy2 A dya A ^> = 


-220, 









and all other brackets are zero. 

The Lie-Poisson bracket in this example coincides with the one of the bi-Hamiltonian 
pair formulated by Meucci [25j for Todas system, a dynamical system studied by Ku- 
pershmidt in [T7| as a reduction of the KP hierarchy. Meucci derives this structure by a 
suitable restriction of a related pair of Lie algebroids on the set of maps from the cyclic 
group Z3 to GL(3,M). Explicit formulas for the above bracket can also be found in [7] 
where the Toda3 system is reduced to the phase space of the full Kostant-Toda lattice. 
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